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CDD-330Fruuxswlrq dqg wkh Fkrlfh ri Dxfwlrq Irupdw
Iodylr P1 Phqh}hv dqg Sdxor N1 Prqwhlur
Judgxdwh Vfkrro ri Hfrqrplfv
Jhwxolr Ydujdv Irxqgdwlrq
HSJH2IJY
Sudld gh Erwdirjr 4<3/ vdod 4458
Erwdirjr/ Ulr gh Mdqhlur/ UM/ 555860<33
Eud}lo
Hpdlo=  dylr1phqh}hvCijy1eu dqg snopCijy1eu
Iheuxdu| 4;/ 5333
Devwudfw
Zh lqyhvwljdwh wkh rxwfrph ri dq dxfwlrq zkhuh wkh dxfwlrqhhu
dssurdfkhv rqh ri wkh wzr h{lvwlqj elgghuv dqg rhuv dq rssruwxqlw|
iru klp wr pdwfk klv rssrqhqw*v elg lq h{fkdqjh iru d {hg euleh1 Lq
sduwlfxodu/ zh h{dplqh wzr w|shv ri fruuxswlrq duudqjhphqwv1 Lq wkh
uvw fdvh/ wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu wr rhu wkh srvvlelolw|
ri d uhgxfwlrq lq klv elg wr pdwfk wkh orvhu*v elg lq h{fkdqjh iru d
euleh1 Lq wkh vhfrqg duudqjhphqw/ wkh dxfwlrqhhu dssurdfkhv wkh orvhu
d q gr  h u vk l pw k hs r v v l e l o l w |r ip d w f k l q jw k hz l q q h u * ve l gl qh { f k d q j h
iru d euleh1 Rudo dxfwlrqv duh vkrzq wr eh fruuxswlrq iuhh xqghu wkh
wzr duudqjhphqwv1 Fruuxswlrq/ krzhyhu/ dhfwv erwk elgglqj ehkdy0
lru dqg wkh vhoohu*v h{shfwhg uhyhqxh lq d uvw0sulfh dxfwlrq1 Lq wkh
uvw fdvh wkhuh lv dq lqfuhdvlqj v|pphwulf elgglqj vwudwhj| htxlole0
ulxp dqg/ wkhuhiruh/ wkh remhfw dozd|v jrhv wr wkh lqglylgxdo zlwk wkh
kljkhvw ydoxdwlrq1 Dv d uhvxow/ h!flhqf| lv qrw frpsurplvhg1 Lq wkh
vhfrqg fdvh wkhuh lv d v|pphwulf elgglqj vwudwhj| htxloleulxp lqyroy0
lqj frqvwdqw vwudwhjlhv lq sduw ri wkh grpdlq1 Wkhuhiruh/ wkh remhfw
grhv qrw jr qhfhvvdulo| wr wkh lqglylgxdo zlwk wkh kljkhvw ydoxdwlrq1
Zh frpsxwh wkh vhoohu*v h{shfwhg uhyhqxh dqg wkh h{shfwhg euleh lq
erwk fdvhv1
44 Lqwurgxfwlrq
Jryhuqphqwv w|slfdoo| vhoo frpprglwlhv +ru surfxuh frqwudfwv, xvlqj uvw
sulfh vhdohg0elg dxfwlrqv/ zkloh vlplodu vdohv e| sulydwh rzqhuv duh pdgh
wkurxjk Hqjolvk rudo dvfhqglqj0sulfh dxfwlrqv1 Zh sursrvh dq h{sodqdwlrq
iru wklv fkrlfh zkhq elgghuv kdyh lqghshqghqw sulydwh ydoxhv dqg duh ulvn
qhxwudo14
D qdlyh frpphqwdwru frxog dujxh wkdw wkh glhuhqfh rffxuv ehfdxvh jry0
huqphqwv h{shfw wr udlvh pruh uhyhqxh wklv zd|/ exw dxfwlrq wkhru| hvwde0
olvkhv wkdw zkhq elgghuv duh ulvn qhxwudo dqg xqghu sulydwh lqghshqghqw ydo0
xhv erwk w|shv ri dxfwlrq udlvh wkh vdph h{shfwhg uhyhqxh1 Doorzlqj elgghuv
wr eh ulvn dyhuvh grhv qrw h{sodlq wkh fkrlfh ri dxfwlrq irupdw hlwkhu/ eh0
fdxvh pruh uhyhqxh lv udlvhg lq d uvw sulfh dxfwlrq/ dqg sulydwh vhoohuv zrxog
orvh e| fkrrvlqj wkh rudo dxfwlrq1 Pruhryhu/ zkhq ydoxhv duh d!oldwhg dqg
djhqwv duh ulvn qhxwudo/ rudo dxfwlrqv jhqhudwh pruh h{shfwhg uhyhqxh wkdq
uvw sulfh dxfwlrqv1 Zlwk d!oldwhg ydoxhv dqg ulvn dyhuvh elgghuv/ wkh udqnlqj
ri dxfwlrqv dffruglqj wr wkh h{shfwhg uhyhqxh wkh| jhqhudwh lv dpeljxrxv1
Z h q gd qh { s o d q d w l r qi r uw k hf k r l f hr id x f w l r qw | s hl qw k l vs d s h ue |
doorzlqj iru fruuxswlrq ehwzhhq wkh dxfwlrqhhu dqg rqh ri wkh elgghuv1 Wkh
jdlqv iurp fruuxswlrq pljkw dulvh lq d uvw sulfh dxfwlrq ehfdxvh wkh dxfwlrq0
hhu fdq vhoo d elgghu lqirupdwlrq derxw wkh elgv pdgh e| rwkhuv1 D elgghu
zloo sd| iru wklv lqirupdwlrq li kh ydoxhv wkh frpprglw| ehlqj vrog deryh wkh
elgv pdgh e| doo rwkhuv1 Wkhuh duh dw ohdvw wzr zd|v wkdw fruuxswlrq fdq
wdnh sodfh> wkh uvw/ zkhuh wkh dxfwlrqhhu lqylwhv d elgghu wr uhvxeplw klv
elg diwhu doo wkh elgv duh orgjhg zlwk wkh dxfwlrqhhu/ ru wkh vhfrqg/ zkhuh
wkh dxfwlrqhhu djuhhv wr lqirup d elgghu ri wkh kljkhvw elg mxvw sulru wr wkh
forvlqj wlph iru elgv1 Zh zloo dujxh wkdw lq erwk flufxpvwdqfhv wkhuh duh
qr jdlqv iurp fruuxswlrq lq dq rudo dxfwlrq zkhuh elgghuv kdyh lqghshqghqw
sulydwh ydoxhv ehfdxvh lw lv vwloo d grplqdqw vwudwhj| wr elg rqh*v wuxh ydoxh1
Lq d uvw0sulfh dxfwlrq/ krzhyhu/ zh vkrz wkdw wkh vhoohu*v uhyhqxh idoov1 Lq
4Nohpshuhu +4<<;, rhuv dq dowhuqdwlyh h{sodqdwlrq iru wkh srvvleoh fkrlfh ri uvw0sulfh
dxfwlrqv1 Zlwk doprvw frpprq ydoxhv  d frpprq ydoxhv vhwwlqj zkhuh hdfk sod|hu kdv
d vljqdo derxw wkh wuxh ydoxdwlrq ri wkh remhfw +xqnqrzq dw wkh wlph ri elgglqj, dqg wkhuh
duh vpdoo dv|pphwulhv ehwzhhq sod|huv  uvw0sulfh dxfwlrqv jhqhudwh pruh uhyhqxh wkdq
rudo dxfwlrqv1 Wkh lqwxlwlrq lv wkdw jlylqj d elgghu d voljkwo| kljkhu ydoxh zkhq kh zlqv
dq rudo dxfwlrq pdnhv klp elg pruh djjuhvvlyho| dqg/ frqvhtxhqwo|/ klv rssrqhqwv idfh dq
lqfuhdvhg zlqqhu*v fxuvh dqg elg ohvv djjuhvvlyho|1 Wklv surfhvv frqwlqxhv uhvxowlqj lq d
uhgxfhg uhyhqxh iru wkh vhoohu lq dq rudo dxfwlrq1
5wklv fdvh/ sulydwh vhoohuv pljkw fkrrvh dq rudo dxfwlrq ehfdxvh lw lv fruuxs0
wlrq surri1 Lq frqwudvw/ jryhuqphqw exuhdxfudwv kdyh dq lqfhqwlyh wr fkrrvh
d uvw sulfh dxfwlrq ehfdxvh lw jlyhv wkhp dq rssruwxqlw| wr froohfw uhqwv
wkurxjk eulehu|1
Wklv sdshu gudzv iurp wzr glhuhqw hogv= wkh hfrqrplf wkhru| ri fruuxs0
wlrq dqg wkh wkhru| ri dxfwlrqv1 Ehfnhu dqg Vwljohu +4<:8, dujxh wkdw hlwkhu
odz hqirufhphqw vkrxog eh sulydwl}hg ru vdodulhv ri odz hqirufhuv vkrxog eh
lqfuhdvhg wr uhgxfh wkh olnholkrrg ri fruuxswlrq/ zkhuh sulydwl}dwlrq zrxog
xqohdvk wkh srzhuixo irufhv ri frpshwlwlrq1 Urvh0Dfnhupdq +4<:8/4<:;,
dujxhv wkdw zkloh lq vrph flufxpvwdqfhv fruuxswlrq pd| eh h!flhqw +h1j1/
lq wkh fdvh zkhuh d exuhdxfudw lv qrw zhoo sdlg dqg fdq vxssohphqw klv
vdodu| wkurxjk wdnlqj eulehv,/ wkhuh duh vlwxdwlrqv zkhuh fruuxswlrq vkrxog
eh suhyhqwhg ehfdxvh lw uhvxowv lq vrfldoo| xqghvludeoh rxwfrphv +gxh wr lq0
irupdwlrqdo sureohpv, +h1j1/ zkhuh d gulylqj olfhqvh lv jlyhq wr d ylvxdoo|
lpsdluhg shuvrq,1 Urvh0Dfnhupdq dovr srlqwv rxw wkdw pdunhwv frqglwlrqv
duh fuxfldo lq ghwhuplqlqj wkh flufxpvwdqfhv xqghu zklfk fruuxswlrq rffxuv1
Wklv dujxphqw lv dovr wuxh lq rxu iudphzrun1
Nuxhjhu +4<:7,/ Ekdjzdwl +4<;5, dqg Ehfn dqg Pdkhu +4<;9, hpskd0
vl}h wkh h!flhqf| dvshfwv ri fruuxswlrq/ hvshfldoo| lq xqghughyhorshg frxq0
wulhv1 Oxl +4<;8,/ iru lqvwdqfh/ h{dplqhv dq htxloleulxp txhxlqj prgho zkhuh
eulehu| lv h!flhqw/ zkloh P|ugdo +4<9;,/ rq wkh rwkhu kdqg/ fodlpv wkdw fru0
uxsw r!fldov pd| gholehudwho| fdxvh dgplqlvwudwlyh ghod|v vr dv wr dwwudfw
eulehv1 Li wklv lv wkh fdvh/ wkhq wkh h!flhqf| dujxphqw lv ohvv dsshdolqj1 Vlp0
loduo|/ lq rxu prgho/ fruuxsw r!fldov pljkw kdyh fkrvhq wkh dxfwlrq irupdw
vr dv wr pd{lpl}h wkhlu jdlqv/ dqg wklv fdq uhgxfh h!flhqf|15
Suhylrxv vwxglhv ri frooxvlyh ehkdylru lq dxfwlrqv kdyh irfxvhg rq froox0
vlrq ehwzhhq elgghuv +elgglqj ulqjv,16 Odrqw dqg Wluroh +4<<4, h{dplqh wkh
ghvljq ri dxfwlrqv wr idyru vshflf elgghuv/ vxfk dv wkh fdvh ri jryhuqphqw
surfxuhphqw idyrulqj grphvwlf vxssolhuv1 Judkdp dqg Pduvkdoo +4<;:, dqg
Pdodlwk dqg ]hpvn|+4<<4, vkrz wkdw lq vhfrqg0sulfh vhdohg0elg dqg Hqjolvk
5W k hd u j x p h q wl vw k d ws u l y d w hv h o o h u v /l qf r q w u d v w /d u hi u h hw rf k r r v hw k hd x f w l r qk r x v h 1
Lq wklv frpshwlwlyh hqylurqphqw/ dxfwlrq krxvhv hqg xs rhulqj rqo| rudo dxfwlrqv ehfdxvh
wkh| duh fruuxswlrq surri1
6Wkh rqo| h{fhswlrq lv Ehfn dqg Pdkhu +4<;9,/ zkr frpsduh frpshwlwlyh elgglqj +lq
wkh irup ri d uvw sulfh vhdohg elg dxfwlrq, dqg d eulehu| frpshwlwlrq/ dqg qg wkdw wkh h{0
shfwhg sd|rv duh wkh vdph xqghu wkh wzr doorfdwlrq phfkdqlvpv1 Lq frqwudvw/ e| doorzlqj
fruuxswlrq ehwzhhq wkh dxfwlrqhhu dqg rqh ri wkh sod|huv/ zh vkrz wkdw vhoohu*v h{shfwhg
uhyhqxh dqg wkh h{shfwhg euleh pd| ghshqg rq krz wkh eulehu| pdunhw lv rujdql}hg1
6rudo dxfwlrqv/ zkhq frooxvlrq dprqj sod|huv lv doorzhg/ frrshudwlyh vwudwhjlhv
duh grplqdqw1 Wkh rswlpdo uhvsrqvh ri wkh dxfwlrqhhu lv wr hvwdeolvk d uhvhuyh
sulfh wkdw lv d ixqfwlrq ri wkh frdolwlrq*v vl}h1 Ixuwkhupruh/ wkh| vkrz wkdw
wkh uhyhqxh htxlydohqfh ehwzhhq vhfrqg0sulfh dqg Hqjolvk dxfwlrqv krogv1
PfDihh dqg PfPloodq +4<<5, h{dplqh frooxvlrq dprqj sod|huv lq uvw0
sulfh dxfwlrqv zkhuh wkh| vkrz wkdw wkh sulfh sdlg lv wkh plqlpxp sulfh1
Djdlq/ vhoohuv fdq uhdfw e| lqfuhdvlqj wkh uhvhuyh sulfh1 Qrwlfh wkdw wkhuh lv
qr fohdu fxw zd| ri udqnlqj uvw0 dqg vhfrqg0sulfhg dxfwlrqv zkhq frooxvlrq
lv srvvleoh/ ehfdxvh rqh fdq frqvwuxfw h{dpsohv zkhuh wkh uhyhqxh iurp rudo
dxfwlrqv zlwk frooxvlrq zloo eh juhdwhu wkdq wkh uhyhqxh iurp d uvw0sulfhg
dxfwlrq/ ru ylfh0yhuvd/ ghshqglqj rq wkh xqghuo|lqj dvvxpswlrqv1 Wkxv/ wkh
zrun rq frooxvlrq grhv qrw h{sodlq zk| jryhuqphqwv jhqhudoo| fkrrvh uvw0
sulfhg vhdohg elg dxfwlrqv zkhq sulydwh dxfwlrqv duh w|slfdoo| rudo/ ehfdxvh
erwk duh vxemhfw wr wklv irup ri frooxvlrq1
Krzhyhu/ wklv lv qrw wkh fdvh zkhq wkhuh lv frooxvlrq lqyroylqj wkh dxfwlrq0
hhu +zh uhihu wr wklv dv fruuxswlrq,/ ehfdxvh wkh rudo dxfwlrq lv lppxqh wr wklv
w|sh ri fruuxswlrq1 Zh vkrxog srlqw rxw wkdw zkloh PfDihh dqg PfPloodq
flwh hylghqfh iru frooxvlrq ehwzhhq elgghuv iru jryhuqphqw frqwudfwv zkhuh
lw kdv ehhq riwhq wkh fdvh wkdw doo elgv duh lghqwlfdo wr wkh odvw fhqw/ wklv
frxog dovr eh hylghqfh ri fruuxswlrq lqyroylqj wkh dxfwlrqhhu1 Zh fodlp wkdw
dq| hylghqfh edvhg rq olwwoh glvshuvlrq dprqjvw revhuyhg elgv fdq dovr eh
frqvwuxhg dv hylghqfh ri fruuxswlrq1
Lq wklv sdshu zh lqyhvwljdwh wkh rxwfrph ri dq dxfwlrq zkhuh wkh dxfwlrq0
hhu dssurdfkhv rqh ri wkh wzr h{lvwlqj elgghuv dqg rhuv dq rssruwxqlw| iru
klp wr pdwfk klv rssrqhqw*v elg lq h{fkdqjh iru d euleh1 Lq sduwlfxodu/ zh
h{dplqh wzr fdvhv ri fruuxswlrq1 Lq wkh uvw fdvh/ wkh dxfwlrqhhu dssurdfkhv
wkh zlqqhu ri wkh dxfwlrq wr rhu d uhgxfwlrq lq klv elg wr pdwfk wkh orvhu*v
elg lq h{fkdqjh iru d euleh1 Lq wkh vhfrqg fdvh wkh dxfwlrqhhu dssurdfkhv
wkh orvhu dqg rhuv klp wkh srvvlelolw| wr pdwfk wkh zlqqhu*v elg lq h{fkdqjh
iru d euleh1 Wkhuhiruh/ li fruuxswlrq grhv rffxu/ wkh sxeolvkhg elgv zloo eh
lghqwlfdo1 +Lq sudfwlfh/ wkh revhuyhg zlqqhu*v elg pljkw eh d ihz fhqwv deryh
wkh revhuyhg orvhu*v elg,1
Rudo dxfwlrqv duh fruuxswlrq iuhh lq erwk fdvhv1 Fruuxswlrq/ krzhyhu/
dhfwv erwk elgglqj ehkdylru dqg wkh vhoohu*v h{shfwhg uhyhqxh lq d uvw0
sulfh dxfwlrq1 Lq wkh uvw fdvh wkhuh lv dq lqfuhdvlqj v|pphwulf htxloleulxp
elgglqj vwudwhj| dqg/ wkhuhiruh/ wkh remhfw dozd|v jrhv wr wkh lqglylgxdo zlwk
wkh kljkhvw ydoxdwlrq1 Wkxv/ h!flhqf| lv qrw frpsurplvhg1 Lq wkh vhfrqg
fdvh wkhuh lv d v|pphwulf elgglqj vwudwhj| htxloleulxp lqyroylqj frqvwdqw
7vwudwhjlhv lq sduw ri wkh grpdlq1 Lq wklv fdvh wkh remhfw grhv qrw jr qhfhvvdulo|
wr wkh lqglylgxdo zlwk wkh kljkhvw ydoxdwlrq1 Zh dovr frpsxwh wkh vhoohu*v
h{shfwhg uhyhqxh dqg wkh h{shfwhg euleh lq erwk fdvhv1
5 Wkh Prgho
Wkhuh duh wzr ulvn0qhxwudo elgghuv zkr duh frpshwlqj iru dq remhfw wr eh dxf0
wlrqhg r1 Dffruglqj wr wkh lqghshqghqw sulydwh ydoxhv dvvxpswlrq/ Elgghu
 5 U nqrzv klv rzq ydoxh E￿ iru wkh remhfw exw rqo| nqrzv wkh glvwulexwlrq
8E￿c ; 9' c ri wkh rwkhu elgghu*v ydoxh1 Lw lv dvvxphg wkdw ydoxhv duh
lqghshqghqwo| gudzq iurp wkh Xqlirup dfco glvwulexwlrq17
Wkh dxfwlrqhhu lv fruuxsw1 Zh frqvlghu wzr srvvleoh w|shv ri fruuxsw
sudfwlfhv1 Lq wkh uvw fdvh/ wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu dqg rhuv
klp wr uhgxfh klv elg wr wkh vhfrqg kljkhvw elg lq h{fkdqjh iru d euleh 1
Li wklv elgghu djuhhv wr sd| wkh euleh/ wkhq kh zlqv wkh remhfw sd|lqj zkdw
lv hhfwlyho| wkh vhfrqg kljkhvw elg +soxv wkh euleh wr wkh dxfwlrqhhu,1 Li
wklv sod|hu grhv qrw djuhh wr sd| wkh euleh/ wkhq kh vwloo zlqv wkh remhfw
dqg sd|v dffruglqjo| wr wkh dxfwlrq uxohv  h1j1/ klv elg zkhq d uvw sulfh
dxfwlrq lv xvhg1 Lq wkh vhfrqg fdvh/ wkh dxfwlrqhhu dssurdfkhv wkh orvhu dqg
rhuv klp wr lqfuhdvh klv elg wr pdwfk wkh kljkhvw elg lq h{fkdqjh iru d
euleh 1 Li wklv sod|hu djuhhv/ kh zlqv wkh dxfwlrq dqg sd|v wklv kljkhvw elg1
Rwkhuzlvh/ wklv sod|hu orvhv wkh dxfwlrq1 Qrwh wkdw wkh eulehu| duudqjhphqw
lv frpprq nqrzohgjh1 Pruhryhu/ erwk eulehu| duudqjhphqwv duh frqvlvwhqw
zlwk wkh hylghqfh ri olwwoh glvshuvlrq dprqjvw revhuyhg elgv dv glvfxvvhg lq
wkh suhylrxv vhfwlrq ehfdxvh xqghu fruuxswlrq wkh wzr revhuyhg elgv zloo eh
lghqwlfdo1
Lq wklv sdshu wkh vl}h ri wkh euleh/ / lv {hg1 Iru h{dpsoh/  pljkw kdyh
ehhq ghwhuplqhg e| d vrfldo frqyhqwlrq ru qrup1 Dowkrxjk d pruh frpsohwh
prgho zrxog kdyh  dv hqgrjhqrxv/ shukdsv dv d iudfwlrq ri wkh zlqqlqj
elg/ wkh dqdo|vlv ri {hg  douhdg| |lhogv vhyhudo lqwhuhvwlqj uhvxowv1 Zh dovr
ljqruh wkh sulqflsdo0djhqw uhodwlrqvkls ehwzhhq wkh vhoohu dqg wkh dxfwlrqhhu1
Dv phqwlrqhg hduolhu/ rxu h{dpsoh lv wkdw ri d jryhuqphqw r!fldo zkr kdv d
fkrlfh ehwzhhq dq rudo dxfwlrq dqg d uvw sulfh dxfwlrq wr vhoo d jryhuqphqw0
7Lq wkh dsshqgl{ zh frqvlghu d vhwxs zlwk q elgghuv dqg d jhqhudo glvwulexwlrq ri
ydoxhv zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu1 Wr rewdlq forvh irup vroxwlrqv iru
wkh htxloleulxp elgglqj vwudwhjlhv dqg wr frpsxwh wkh vhoohu*v h{shfwhg uhyhqxh dqg wkh
h{shfwhg euleh zh olplw rxuvhoyhv wr wkh wzr0elgghu xqlirupo|0glvwulexwhg ydoxhv fdvh1
8rzqhg jrrg1 Qh{w zh dujxh wkdw dq rudo dxfwlrq lv fruuxswlrq surri18 Lq wkh
qh{w vhfwlrq zh lqyhvwljdwh xqghu zklfk frqglwlrqv fruuxswlrq zloo rffxu lq
d uvw sulfh dxfwlrq1
Sursrvlwlrq 4 Xqghu wkh wzr dowhuqdwlyh eulehu| duudqjhphqwv/ rudo dxf0
wlrqv duh fruuxswlrq iuhh1
Surri1 Zh zloo qrz ghprqvwudwh wkdw lw lv d grplqdqw vwudwhj| wr elg
rqh*v wuxh ydoxdwlrq dqg wkdw wkhuh lv qr fruuxswlrq lq htxloleulxp1 Zh zloo
frqvlghu wkh wzr eulehu| duudqjhphqwv vhsdudwho|1 Iluvw/ dvvxph wkdw wkh
dxfwlrqhhu dssurdfkhv wkh zlqqhu ri wkh dxfwlrq1 Lq wklv fdvh wkh dujxphqw
lv frpsohwho| dqdorjrxv wr wkh vwdqgdug fdvh zlwkrxw fruuxswlrq1 Dvvxph
wkdw Elgghu 5 elgv dq duelwudu| qxpehu K2 dqg Elgghu 4 elgv K￿ : ￿1 Elgghu
4 grhv qrw jdlq dq|wklqj e| elgglqj pruh wkdq klv ydoxh exw pd| dv zhoo
orvh li K￿ :K 2 : ￿ Vlploduo|/ vxssrvh Elgghu 4 elgv K￿ 	 ￿ Elgghu 4 grhv
qrw jdlq e| elgglqj ohvv wkdq klv ydoxh exw pd| dv zhoo orvh wkh dxfwlrq +dqg
frqvhtxhqwo| wkh remhfw ehfdxvh wkh dxfwlrqhhu dssurdfkhv rqo| wkh zlqqhu,
zkhq lw vkrxog kdyh zrq/ wkdw lv/ zkhq ￿ :K 2 :K ￿ Qrwh wkdw wkhuh lv qhyhu
fruuxswlrq ehfdxvh wkh zlqqhu dozd|v sd|v wkh vhfrqg kljkhvw elg +zlwkrxw
wkh qhhg wr sd| d euleh,1
Qrz vxssrvh wkdw wkh dxfwlrqhhu dssurdfkhv wkh orvhu ri wkh dxfwlrq1
Dvvxph wkdw Elgghu 5 elgv dq duelwudu| qxpehu K2 dqg Elgghu 4 elgv K￿ : ￿1
Dv deryh/ Elgghu 4 grhv qrw jdlq dq|wklqj e| elgglqj pruh wkdq klv ydoxh
exw pd| dv zhoo orvh li K￿ :K 2 : ￿ dqg Elgghu 5 ghflghv qrw wr sd| wkh
euleh1 Qrz vxssrvh Elgghu 4 elgv K￿ 	 ￿ Zkhq K￿ :K 2 Elgghu 5 lv
rhuhg wkh rssruwxqlw| wr pdwfk 4*v elg dqg zlq wkh dxfwlrq1 Lq wklv fdvh/
e| lqfuhdvlqj klv elg +xs wr ￿,/ Sod|hu 4 zrxog lqfuhdvh klv h{shfwhg surwv1
Li ￿ :K 2 :K ￿/ wkhq Sod|hu 4 lv rhuhg wr pdwfk 5*v elg dqg sd| wkh euleh1
E| lqfuhdvlqj klv elg/ Sod|hu 4 zrxog lqfuhdvh klv h{shfwhg surwv e| qrw
kdylqj wr sd| wkh euleh1 Dv lq wkh suhylrxv fdvh/ wkhuh lv qhyhu fruuxswlrq
ehfdxvh wkh zlqqhu dozd|v sd|v wkh vhfrqg kljkhvw elg +zlwkrxw wkh qhhg wr
sd| d euleh,1
8Lq wklv sdshu zh gr qrw glvwlqjxlvk ehwzhhq vhfrqg0sulfh vhdohg0elg dqg Hqjolvk dxf0
wlrqv> wkh| duh vwudwhjlfdoo| htxlydohqw lq dq lqghshqghqw0sulydwh ydoxhv prgho1
96 Fruuxswlrq lq Iluvw0Sulfh Dxfwlrqv
Lq wklv vhfwlrq zh lqyhvwljdwh wkh hhfwv ri fruuxswlrq rq elgglqj ehkdylru
dqg wkh vhoohu*v h{shfwhg uhyhqxh lq d uvw sulfh dxfwlrq1 Zh dovr frpsxwh
wkh suredelolw| ri fruuxswlrq/ lqyhvwljdwh wkh h!flhqf| ri uvw sulfh dxfwlrqv
xqghu fruuxswlrq dqg frpsxwh wkh vhoohu*v h{shfwhg uhyhqxh1 Zh h{dplqh
wkh wzr eulehu| duudqjhphqwv vhsdudwho|1
614 Wkh zlqqhu lv dssurdfkhg e| wkh dxfwlrqhhu1
Zh frqvlghu wkh fdvh zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu dqg rhuv
klp wkh srvvlelolw| wr pdwfk wkh vhfrqg kljkhvw elg lq h{fkdqjh iru d euleh1
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 c wkdw lv/ li   f2b2Hb 9
Surri1 Li Elgghu 5 sod|v KE ohw xv qg Elgghu 4 ehvw uhvsrqvh1 Li Elgghu
4e l g v%  f klv h{shfwhg xwlolw| lv
E%'.

E  KE+  KE+￿￿%3￿ nE   %%:KE+￿:%3￿

 +4,
Ohw xv frqvlghu uvw %  Wkhq %  f dqg wkhuhiruh E%'E   %hE%:KE+ '
E  %K3￿ E% Vlqfh %  c K3￿ E%'2 % Wkxv E%'E   %2% Wklv
ixqfwlrq lv pd{lpl}hg dw % ' ￿
2 li   2 dqg dw % '  li :2 Ohw xv
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9Wkh lpsolflw dvvxpswlrq lv wkdw E  =8 rwkhuzlvh fruuxswlrq zloo qhyhu rffxu dqg zh
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Iljxuh 4= Judsk ri KEE ' e
Wkh ghulydwlyh ri  lv

￿ E%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3￿ E%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K￿ EK3￿ E%

Wkxv  lv pd{lpl}hg dw % ' KE lq wkh udqjh 	K E 	 2 Vlqfh






 zh duh grqh1
Jlyhq wkdw : 2b lv d vwurqj uhvwulfwlrq rq wkh euleh c zh surfhhg wr
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'2  Wkxv KE lv lqfuhdv0













dfcEo Li Elgghu 5 elgv dffruglqjo| wr KE wkhq li Elgghu 4 kdv ydoxdwlrq
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  K3￿ EKE  
 +8,
Wkh qdwxuh ri wkh lqgxfwlyh frqvwuxfwlrq lv dv iroorzv1 Zh ehjlq zlwk KE'
￿
2cf    2 Wkh glhuhqwldo htxdwlrq deryh pdnhv vhqvh li  lv vxfk wkdw
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  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  bE
  2EbE  
zlwk lqlwldo frqglwlrq bE2' Wklv htxdwlrq fdq eh h{solflwo| vroyhg dqg
lv jlyhq e| +5,1 Wkxv zh irxqg Kmdfc￿E2n
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vxfk wkdw E/'  Li /   zh duh grqh1
Li qrw/ zh iroorz wkh lqgxfwlyh dssurdfk rxwolqhg deryh1
Qrwh wkdw wkh htxloleulxp elgglqj vwudwhjlhv ghvfulehg deryh duh lqfuhdv0
lqj lq wkh lqglylgxdov* ydoxhv1 Wkhuhiruh/ wkh zlqqhu ri wkh dxfwlrq lv wkh
lqglylgxdo zlwk wkh kljkhvw ydoxdwlrq1 Jlyhq wkdw wkh dxfwlrqhhu rqo| ds0
surdfkhv wkh zlqqhu ri wkh dxfwlrq/ zh fdq frqfoxgh wkdw wkh remhfw +hyhq
zlwk fruuxswlrq, dozd|v jrhv wr wkh lqglylgxdo zlwk wkh kljkhvw ydoxdwlrq1
Fruroodu| 4 Lq wkh htxloleulxp fkdudfwhul}hg deryh uvw sulfh dxfwlrqv duh
h!flhqw1
Wkh deryh fruroodu| dqg wkh uhfrjqlwlrq wkdw wkh lqglylgxdo zlwk wkh orz0
hvw ydoxdwlrq kdv }hur h{shfwhg surwv doorz xv wr frqfoxgh wkdw wkh Uhyhqxh
Htxlydohqfh Wkhruhp krogv lq wklv vhwwlqj1 Wkhuhiruh/ wkh zlqqhu*v h{shfwhg
wrwdo sd|phqw lq wklv vfhqdulr lv lghqwlfdo wr klv h{shfwhg sd|phqw xqghu
dq| phfkdqlvp wkdw doorfdwhv wkh jrrg wr wkh kljkhvw elgghu  vxfk dv wkh
vwdqgdug uvw sulfh dxfwlrq1 Zlwk wzr elgghuv zlwk ydoxdwlrqv xqlirupo| glv0
wulexwhg rq wkh lqwhuydo ^3/4`/ wkh zlqqhu*v wrwdo h{shfwhg sd|phqw lv htxdo
wr 4261 Lq wkh vhwwlqj deryh/ wklv sd|phqw lv htxdo wr h{shfwhg euleh soxv
wkh sd|phqw wr wkh vhoohu1 Qh{w zh frpsxwh wkh suredelolw| ri fruuxswlrq
rffxuulqj1
Sursrvlwlrq 6 Iru 2b2    D/ wkh suredelolw| ri fruuxswlrq lv htxdo wr
  22
Surri1 Vxssrvh Sod|hu 4 kdv d kljkhu ydoxdwlrq1 Wkdw lv/ ￿ : 2 Fru0
uxswlrq zloo rffxu zkhqhyhu 4*v ydoxh dqg Sod|hu 5*v elg lv vxfk wkdw lw lv
ihdvleoh iru Sod|hu 4 wr sd| wkh euleh soxv wkh uhylvhg elg/ wkdw lv/ zkhqhyhu
KE2n	 ￿1
Ghqh ￿ '4 @   i￿c 2j dqg 2 '4  ? i￿c 2j Zh fdq qrz zulwh wkh sured0
elolw| ri fruuxswlrq dv
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Xvlqj KE zh fdq zulwh
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2
Zh fdq fkhfn wkdw KE2n	 2 iru hyhu| 2 : 2 Wkxv
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Suredelolw| ri Fruuxswlrq
44Lq wklv fdvh/ wkh suredelolw| ri fruuxswlrq lv txlwh kljk1 Wkh qh{w uhvxow
iroorzv iurp wkh Uhyhqxh Htxlydohqfh Wkhruhp jlyhq wkdw wkh h{shfwhg euleh
lv vlpso| wkh euleh wlphv wkh suredelolw| ri fruuxswlrq1
Fruroodu| 5 Iru 2b2    D/ wkh vhoohu*v h{shfwhg uhyhqxh lv htxdo wr
￿
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Wkh vhoohu*v h{shfwhg uhyhqxh
Wkdw lv/ zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu/ wkh vhoohu*v h{shfwhg
uhyhqxh lv uhgxfhg txlwh gudpdwlfdoo| iru vx!flhqwo| odujh ydoxhv ri 1W k l v
ghprqvwudwhv wkh srwhqwldo ghydvwdwlqj hhfwv rq wkh jryhuqphqw*v uhyhqxh
lq yhu| fruuxsw hfrqrplhv1
Ilqdoo|/ qrwh wkdw fkdqjlqj wkh zd| wkh dxfwlrqhhu lv frpshqvdwhg/ vd|
iurp d {hg vdodu| wr d {hg shufhqwdjh ri wkh vdohv uhyhqxh dv frpplvvlrq/
pd| qrw holplqdwh ru hyhq uhgxfh fruuxswlrq1 Fruuxswlrq fdq rqo| eh holpl0
qdwhg li wkh frpplvvlrq lv vx!flhqwo| odujh vr wkdw wkh h{shfwhg frpplvvlrq
lv odujhu wkdq wkh h{shfwhg eulehu|1 Wklv qglqj frqwudvwv zlwk wkdw ri wkh
fodvvlfdo hfrqrplf wkhru| ri fruuxswlrq  h1j1/ Ehfnhu dqg Vwljohu +4<:7, 
exw lw lv frqvlvwhqw zlwk uhfhqw qglqjv +Prrnkhumhh dqg Sqj/ 4<<8, wkdw wr
zlsh rxw fruuxswlrq d odujh glvfuhwh mxps lq wkh r!fldo*v frpshqvdwlrq lv
uhtxluhg1
615 Wkh orvhu lv dssurdfkhg e| wkh dxfwlrqhhu
Zh qrz dvvxph wkdw wkh dxfwlrqhhu dssurdfkhv wkh elgghu zkr orvw wkh dxf0
wlrq wr rhu klp wkh srvvlelolw| ri uhylvlqj klv elg wr pdwfk wkh kljkhvw elg
45dqg zlq wkh dxfwlrq lq h{fkdqjh iru d euleh1 Lq wkh qh{w sursrvlwlrq zh
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0.2 0.4 0.6 0.8 1 v
Iljxuh 5= Judsk ri KE + ' e,
Surri1 Li Elgghu 5 elgv dffruglqj wr KE wkhq li Elgghu 4 kdv d ydoxdwlrq
 dqg elgv %  f klv h{shfwhg xwlolw|  li wkhuh lv qr srvvlelolw| ri d wlh 
lv htxdo wr
E%'E   %hE%:K E+c%n :+ n
]
%￿KE+￿
E  KE+  
n _+ +9,
Iru wklv htxloleulxp zh kdyh wr frqvlghu wkh srvvlelolw| ri d wlh1 Khuh zh
vxssrvh wkdw lq wkh fdvh ri d wlh wkdw wkhuh lv d 83 shufhqw ri hdfk elgghu
ehlqj fkrvhq wr zlq wkh remhfw sd|lqj wkh euleh  dqg klv elg  I r ude l g
% 9'  Elgghu 4*v h{shfwhg xwlolw| lv E% dv deryh1 Li % '  zh uhghqh 
dvG













Vxssrvh uvw wkdw Elgghu 4 elgv %: Wkhq %:K E+ lv dozd|v wuxh1
Vr E%'E   %E% n  Vlqfh ￿ E%'  2%      2%   
2E  % 	 f wkh h{shfwhg xwlolw| lv qhyhu pd{lpl}hg zlwk %: Vlqfh
En 	 E zh kdyh wkdw 4@ iE%c %j ' EVxssrvh qrz
wkdw f  %	 Wkhq
E%'E   %2% n
] ￿
2%
E  KE+  
n _+ +:,
Wkh ghulydwlyh ri  lv

￿ E%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li   	%  
Frqvlghu uvw   2 Wkhq ￿ E%'2  e%2E  %  '2%n2:
f Vlqfh E  E'En￿32￿
2 wkh pd{lpxp ri  zloo eh dw
% '  L1h1 4@ iE%(%  j ' E li   2 Frqvlghu qrz 	2 Li
%    c ￿ E%'2E   % : f Wkxv wr pd{lpl}h / %:  Vlqfh
% ' ￿
2 lv vxfk wkdw %  f zh kdyh wkdw  lv pd{lpl}hg iru f  %	
zlwk % ' ￿
















2 zlwk E'E   2 n ￿32￿








zh rewdlq   2 Wklv suryhv wkdw KE lv dq htxloleulxp1




Surri1 Ohw xv vxssrvh wkdw :/ Wkh remhfw zloo jr wr wkh elgghu zlwk
wkh orzhvw ydoxdwlrq zlwk suredelolw| ￿
2 li dqg rqo| li /  2 Wkxv wkh
suredelolw| wkdw wkh dxfwlrq lv lqh!flhqw lv
E￿32￿￿2
2 
Dv fruuxswlrq rffxuv rqo| li erwk sod|huv kdyh ydoxdwlrq deryh 2/w k h
qh{w uhvxow iroorzv lpphgldwho|1








0.3 0.32 0.34 0.36 0.38 0.4 B
Suredelolw| ri Fruuxswlrq
Wkh vhoohu*v uhyhqxh lv htxdo wr  li dw ohdvw rqh ri wkh sod|huv kdv d ydoxh




 Li wkh wzr







j E| wdnlqj wkh h{shfwhg ydoxh zh rewdlq wkh vhoohu*v h{shfwhg
uhyhqxh dv hvwdeolvkhg lq wkh qh{w sursrvlwlrq1
Sursrvlwlrq : Wkh h{shfwhg euleh lv htxdo wr E  22 dqg wkh vhoohu*v
h{shfwhg uhyhqxh lv htxdo wr H
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Vhoohu*v h{shfwhg uhyhqxh
Wkh vhoohu*v h{shfwhg uhyhqxh lqfuhdvhv zlwk  dqg dssurdfkhv wkh vwdq0
gdug uhyhqxh zkhq  dssurdfkhv 181 Pruhryhu/ iru dq| / wkh vhoohu*v h{0
shfwhg uhyhqxh lv odujhu xqghu wklv vfhqdulr wkdq xqghu wkh duudqjhphqw
48zkhuh wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu ri wkh dxfwlrq1 Wklv fdq eh h{0
sodlqhg dv iroorzv1 Iluvw/ wkh suredelolw| ri fruuxswlrq lv vxevwdqwldoo| odujhu
xqghu wkh dssurdfk0wkh0zlqqhu vfhqdulr wkdq xqghu wkh dssurdfk0wkh0orvhu
vfhqdulr1 Vhfrqg/ wkh qdo elg  wkdw lv/ wkh jryhuqphqw*v uhyhqxh  lv wkh
vhfrqg kljkhvw elg lq wkh iruphu fdvh xqghu fruuxswlrq dqg wkh kljkhvw elg lq
wkh odwwhu fdvh1 Wkhvh wzr hhfwv pruh wkdq grplqdwh wkh idfw wkdw elgghuv
elg pruh djjuhvvlyho| xqghu wkh iruphu vfhqdulr wkdq xqghu wkh odwwhu rqh1
Lq wkh fdvh frqvlghuhg khuh/ dv wkh h{shfwhg euleh dssurdfkhv }hur dv 
dssurdfkhv 18/ wkh zlqqhu*v h{shfwhg sd|phqw dssurdfkhv wkh vwdqgdug ydoxh1
Uhfdoo wkdw wkh zlqqhu*v h{shfwhg sd|phqw lq wkh fdvh zkhuh wkh dxfwlrqhhu
dssurdfkhv wkh zlqqhu ri wkh dxfwlrq lv htxdo wr 4261 Frqvhtxhqwo|/ wkh
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Wkh zlqqhu*v h{shfwhg sd|phqw
7 Frqfoxvlrq
Lq wklv sdshu zh dqdo|}hg wkh hhfwv ri fruuxswlrq rq dxfwlrqv xqghu wkh
lqghshqghqw sulydwh ydoxhv vhwwlqj zlwk ulvn qhxwudo elgghuv1 Zh h{dplqhg
wzr glvwlqfw duudqjhphqwv zkhuh fruuxswlrq pljkw rffxu wkdw duh frqvlvwhqw
zlwk wkh hylghqfh ri olwwoh glhuhqfh ehwzhhq revhuyhg elgv1 Xqghu wkhvh wzr
duudqjhphqwv/ rudo dxfwlrqv duh vkrzq wr eh fruuxswlrq iuhh dv lw lv vwloo d
grplqdqw vwudwhj| iru d elgghu wr elg rqh*v wuxh ydoxdwlrq  wkxv uhqghulqj
fruuxswlrq lqhhfwlyh1
Krzhyhu/ elgglqj ehkdylru lq d uvw sulfh dxfwlrq lv dhfwhg e| fruuxs0
wlrq1 Zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu ri wkh dxfwlrq wr rhu klp
wkh srvvlelolw| ri uhgxflqj klv elg wr pdwfk klv rssrqhqw*v elg lq h{fkdqjh
49iru d euleh/ wkh uhyhqxh htxlydohqfh wkhruhp vwloo krogv1 Lq wkh fdvh ri d
odujh {hg euleh/ wkh suredelolw| ri fruuxswlrq lv kljk dqg/ frqvhtxhqwo|/ wkh
vhoohu*v h{shfwhg uhyhqxh lv orz +dv wkh zlqqlqj elgghu uhgxfhv klv elg,1
Zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu ri wkh dxfwlrq wr rhu klp
wkh srvvlelolw| ri pdwfklqj klv rssrqhqw*v kljk elg +zlqqlqj wkh remhfw, lq
h{fkdqjh iru d euleh/ wkh uhyhqxh htxlydohqfh wkhruhp idlov ehfdxvh qrz d
elgghu pd| zdqw wr orvh wkh dxfwlrq1 Dv d uhvxow/ wkh remhfw pd| jr wr wkh
lqglylgxdo zkr ydoxhv lw wkh ohdvw1
Wkhvh uhvxowv duh rqo| vxjjhvwlyh ri krz wkh h{lvwhqfh ri fruuxswlrq pljkw
dhfw erwk wkh vhoohu*v h{shfwhg uhyhqxh dqg wkh h!flhqf| ri dq dxfwlrq1
Wklv vhhpv wr eh d uhvhdufk olqh zruwk sxuvxlqj dv ghyhorslqj frxqwulhv/
wkrvh pruh qdwxudoo| surqh wr fruuxswlrq/ duh lqfuhdvlqjo| xvlqj dxfwlrqv wr
doorfdwh jrrgv dqg vhuylfhv dqg wr sulydwl}h jryhuqphqw rzqhg dvvhwv/
Uhihuhqfhv
^4` Ehfn/ S1 M1 dqg P1 Z1 Pdkhu/ 4<;9/ D Frpsdulvrq ri Eulehu| dqg
E l g g l q jl qW k l qP d u n h w v / Hfrqrplfv Ohwwhuv 53/ 4081
^5` Ehfnhu/ J1 dqg J1 Vwljohu/ 4<:7/ Odz Hqirufhphqw/ Pdoihdvdqfh dqg
Frpshqvdwlrq ri Hqirufhuv/ Mrxuqdo ri Ohjdo Vwxglhv 6+4,/4 0 4 ; 1
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